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The last decade has seen great advancements in the field of modified gravity, motivated by
the dark energy problem, or by the search for a fundamental quantum gravity theory. With a
phenomenologically-driven approach, we consider dRGT theory and its extension, quasi-dilaton
massive gravity (QDMG). When looking for ways to constrain the theory, a promising direction
appeared to be astrophysical tests. The scalar gravitational degree of freedom and quasi-dilaton
degree of freedom alter the evolution of Bardeen potentials, which in turn affects the galaxy rotation
curves. We find an upper bound on graviton mass in QDMG to be m ≤ 10−31eV. This result agrees
with bounds from LIGO and numerous Solar System tests. However, the extremely small mass of
the graviton remains a detection out of reach, with LISA’s sensitivity exploring the parameter space
up to m ≤ 10−25eV.
I. INTRODUCTION
General Relativity (GR) has exhibited immense
success in Solar System tests [1], as well as weak field
[2] and strong field regimes (e.g. merger events [3]
and pulsars [4]), in recent years. While the success of
General Relativity strongly suggests that this theory
is indeed a good description of gravity, exploring
modifications to it is an important test of the theory itself.
Moreover, a modification of GR may provide a natural
explanation of the current accelerated expansion of the
Universe without the need of additional energy sources [5].
The widely celebrated gravitational wave event,
GW170817, which detected two neutron stars merging,
not only in the gravitational spectrum [6], but in the
electromagnetic spectrum too, has had resounding
consequences on the field of modified gravity. Comparing
the time delay between the gravitational and the
electromagnetic signal placed a stringent constraint on
the difference of the speeds of the two to be less than
1 part in 10−15 [7]. This constraint ruled out theories
of gravity that predicted a significant deviation of the
propagation speed of gravitational waves from the speed
of light [8], [9]. However, several other candidates of
modified gravity remain so far valid. The challenge
and important task is to identify the most promising
surviving theories and find ways to test them given the
currently available astrophysical data.
Massive gravity has gained increasing interest over the
past years due to the works done by de Rham, Gabadadze
and Tolley to formulate a ghost-free theory of massive
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gravity (dRGT) [10]. In this paper we look for ways to
test an extension of dRGT theory: quasi-dilaton massive
gravity (QDMG). QDMG is a dRGT theory with an
additional quasi-dilaton scalar field [11].
In Section 2 we motivate this specific choice of a modi-
fied gravity theory and set-up the theoretical framework
in which we work. In Section 3 we consider two different
possible approaches to constraining the theory. The first
approach is motivated by the ever-growing data in the
gravitational waves sector and looks at depletion of a
gravitational wave signal in a massive gravity theory. The
second approach considers astrophysical tests of QDMG,
in particular changes to the form of the Bardeen poten-
tials. This in turn leads to modifications to the rotation
curves of the theory. Finally, we discuss our results and
comment on possible future work in Section 4.
II. THEORETICAL MOTIVATION
In deciding which path to take in the forest of modified
gravity theories, we searched for ones that are less
phenomenologically, and more theoretically grounded.
Additionally, we wanted new degrees of freedom of the
theory to be intrinsically gravitational, rather than
adding new fields on top of General Relativity. Keeping
this in mind, we pursued work in dRGT theory.
The naive thing to do when modifying GR is to add a
covariant mass term to the Einstein-Hilbert action. This
produces inconsistent results because the massless limit
of this theory does not recover gravity, an inconsistency
known in the literature as vDVZ (discussed by van Dam,
Veltman, and Zakharov [12, 13]) discontinuity. It arises
due to the presence of extra gravitational degrees of
freedom, some of which couple to matter [14, 15]. To
resolve the problem, one must also introduce additional
non-linear terms that screen these new degrees of freedom,
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2a mechanism referred to as Vainshtein screening [16]. The
theoretical formulation of dRGT gravity was a turning
point for all development in the field of massive spin-2
gravity, as it is the first fully complete ghost-free theory
of massive gravity. In addition, with its origin in extra
dimensional braneworlds, dRGT allows one to entertain
even the possibility of a UV completion of the theory
[17].
As promising as the theoretical advancements in
dRGT are, its phenomenology, however, makes it
difficult to practically constrain the theory. It passes
all hitherto proposed tests and agrees with General
Relativity, making the two indistinguishable. Out of
the additional degrees of freedom, the vector modes
do not interact with matter, and the scalar mode is
Vainshtein-screened close to a source which significantly
represses both its production and detection [18]. In
addition, a great concern in searching for tests of the
theory is the fact that dRGT gravity does not support
stable Friedman-Lemaˆıtre-Robertson-Walker (FLRW)
solutions. Hence, to promote dRGT to a cosmological
theory, one has to add extra degrees of freedom, be it in
the form of tensorial modes (e.g. bigravity [19]) or scalar
modes (e.g. f(R) massive gravity [20]).
In what follows, we focus on quasi-dilaton massive
gravity, which is a scalar-extended dRGT theory with a
quasi-dilaton field leading to stable FLRW solutions. We
note that the existence of a quasi-dilaton type of field
is well-founded within string theory and it arises from
compactification of the extra dimensions [21].
The action of quasi-dilaton massive gravity (QDMG) is
SQDMG = M
2
Pl
2
∫
d4x
√−g
[
R− ω
2M2Pl
(∂σ)2
+
m2
2
4∑
n=0
αnLn[K[g, η]]
]
+
∫
d4x
√−g Lmatter(g, ψ), (1)
where σ is the quasi-dilaton, g is the dynamical metric
and we define K in terms of the Stu¨ckelberg fields, φa, as
following:
Kµν = δµν − eσ/MPl
√
gµα∂αφa∂νφbηab. (2)
In the same way as in dRGT theory, to make calcula-
tions simpler, one can take the decoupling limit of the
above action [22]. Note that in our analysis we ignore
the vector gravitational degrees of freedom since these do
not couple to matter. Interestingly, taking the decoupling
limit of QDMG leads to a bi-Galileon theory of gravity,
i.e. the scalar gravitational field and the quasi-dilaton
field both acquire a galilean symmetry.
The Lagrangian of the theory of interest (i.e in the
decoupling limit (DL)) then reads
LDLQDMG = −
1
4
(
hµν Eˆαβµν hαβ +
5∑
n=2
cn
Λ
3(n−2)
3
L(n)Gal[pi]
−2(α3 + 4α4)
Λ63
hµνX(3)µν [Π]
)
− ω
2
(∂σ)2
+
1
2
σ
4∑
n=1
(4− n)αn − (n+ 1)αn+1
Λ
3(n−1)
3
Ln[Π]
+
1
2MPl
hµνT
µν +
1
2MPl
piT
− 2 + 3α3
4MPlΛ33
∂µpi∂νpiT
µν , (3)
where Λ3 is the decoupling scale, pi is the gravitational
scalar degree of freedom and σ is the quasi-dilaton field
as before. The explicit form of L(n)Gal[pi], X(3)µν [Π] andLn[Π] can be found in the Appendix. The decoupling
limit is valid for typical scales λ  m, where m is the
graviton mass, and in QDMG we expect this to be of the
order of the Hubble scale, m ≈ H0 [23]. Therefore, the
decoupling limit is valid in the astrophysical setup we
will study. The decoupling scale of QDMG is the same as
for dRGT, i.e. Λ33 = m
2MPl. Note that all of the fields
have been canonically normalised.
In the next section we explore two approaches that
may constrain quasi-dilaton massive gravity. We firstly
estimate the decay probability of helicity-2 to helicity-0
modes, and find that the decay width is too small to leave
a trace in the gravitational wave signal. We then invest-
igate the effect that QDMG could have on astrophysical
scales, e.g. galaxies and clusters of galaxies. In particular,
we investigate whether we can constrain QDMG and its
parameters from rotation curves and gravitational lensing.
We note that a similar analysis has been done for beyond-
Horndeski theories in [24, 25] and more recently in [26].
Throughout this paper we use natural units, c = ~ = 1,
and the metric signature (−,+,+,+).
III. CONSTRAINTS FROM DATA
A. Depletion of the gravitational wave signal
One of the unsurprising consequences of working with
a massive, instead of a massless, theory of gravity is
that the dispersion relation for gravitational waves gets
modified. The correction to the dispersion relation in
QDMG looks similar to that in dRGT theory where
the tensor mode acquires a mass contribution that is
of the order of the mass of the graviton [27]. Current
graviton mass bounds put an upper constraint on the
mass, m < 10−22 eV [28].
Here we investigate the possibility of depletion of the
gravitational wave signal due to the decay of tensor modes
3to scalar ones. Working in the decoupling limit of QDMG,
outside the Vainsthein screening region, the Lagrangian
reduces to that of linearised massive gravity, since the
waves mostly travel through vacuum. Note that we ignore
the helicity-1 mode because it does not couple to matter,
and the quasi-dilaton mode because it does not couple to
the tensor mode. Therefore, we can simplify the relevant
Lagrangian to
L = 1
2
hµν Eˆαβµν hαβ +
1
12
pipi − 1
2
m2(h2µν − h2)
+
1
12
m2pih+
1
6
m2pi2. (4)
Corrections to the above expression might come from
higher order interactions in the decoupling limit. Generic
interactions are of the form
Lj,k,l = m2M2Pl
(
h
MPl
)j(
∂A
mMPl
)2k(
∂2pi
m2MPl
)l
. (5)
We set k = 0 for the remainder of the calculation, since we
are not interested in helicity-1 interactions. Constraints
one should keep in mind are j+ 2k+ l > 2 and j, k, l ∈ N
[18]. If k = 0, then j + l > 2. The first interaction that
arises at Λ3 decoupling scale, h(∂
2pi)2, can be removed
by field diagonalisation. Therefore, the first correction
term is of the form h(∂2pi)3 or (∂2pi)4. We are exploring
the possibility of depletion of the tensorial gravitational
waves by their decay into scalars, so we examine the first
of the two terms. This additional interaction appears in
the Lagrangian as
L103 = m2M2Pl
(
h
MPl
)(
∂2pi
m2MPl
)3
=
1
m4M2Pl
h(∂2pi)3. (6)
Despite a 3-body decay of this type being dynamic-
ally forbidden, it is possible in the presence of a back-
ground. Since Λ33 = m
2MPl, this term reduces to
L103 = 1Λ63h(∂
2pi)3. The vertex factor contribution to
the amplitude is
gµν103 = η
µν 1
Λ63
p21p
2
2p
2
3 =
1
Λ63
ηµν(m2pi)
3, (7)
where pis are the outgoing momenta of the scalar particles.
The resulting amplitude squared is
∑
spins
|M |2 = 2
(
1
Λ63
m6pi
)2
=
2m12pi
m8M4Pl
. (8)
The expression for the differential decay probability reads
dΓ =
(2pi)4
2m
∑
spins
|M |2dΦ3(p; p1, p2, p3), (9)
where dΦ3(p; p1, p2, p3) is the phase space of a 1→ 3 body
decay. We apply the treatment of a 3-body decay in the
centre of mass frame of the decaying particle found in the
Particle Data Group Review [29]:
dΓ =
1
(2pi)3
1
32m3
∑
spins
|M |2dm212dm223, (10)
where m is the mass of the decaying particle and m2ij =
p2ij = (pi + pj)
2 are combinations of masses and momenta
of the new particles. Taking the mass of the scalar to be of
the order of the mass of the tensor [reasonable assumption
from (4)], we find
∫
dm212dm
2
23 ≈ O(m4). Therefore
Γ ≈ 1
(2pi)3
m5
M4Pl
≈ 10−225eV. (11)
An order of magnitude estimate implies that a detailed
calculation is not worth pursuing. The decay width is too
small to affect the signal. We conclude that there can be
no observable depletion of the gravitational wave signal
due to the decay of the tensor mode into the scalar one.
B. Rotation Curves
In this section we move from gravitational-wave
signals to a regime that allows for astrophysical tests of
quasi-dilaton massive gravity [23]. We are now interested
in manifestations of the theory on galactic scales. A
promising direction of research is analysis of the shape
of the galaxy rotation curves. In the following, we first
find the evolution of the Bardeen potentials, and then
compare the predictions of the theory to actual data
taken by SPARC [30]. Comparing the QDMG predictions
to astrophysical data, we set an upper limit to the
graviton mass. As mentioned earlier, we work in the de-
coupling limit of QDMG and use (3) as our starting point.
The FLRW metric in the longitudinal gauge reads
ds2 = a2(τ)[−(1 + 2Ψ)dτ2 + (1− 2Φ)δijdxidxj ], (12)
with Ψ and Φ scalar perturbations defined as the usual
Bardeen potentials. We are concerned with equations
of motion of the two Bardeen potentials, as well as of
the two galileons. We split pi and σ respectively into
a background cosmological value and its perturbation:
pi(r, t) = pi0(t) + φ(r, t) and σ(r, t) = σ0(t) + λ(r, t). For
the rest of this work, we ignore a(t) and H(t), since we
focus on the effects coming solely from pi and σ, not
from the FLRW metric. Furthermore, we ignore time
derivatives of all fields and consider only terms up to the
cubic galileon [31]. Higher-order terms containing the
fields or their first derivatives are also neglected. Varying
the action with respect to the perturbations we then
obtain 4 equations in the presence of a non-relativistic
source, Tµν = diag(ρ, 0, 0, 0):
42∇2Φ− α3 + 4α4
Λ63
[(∇2φ)3 − 3∇2φ(∇i∇jφ)(∇i∇jφ) + 2(∇i∇jφ)(∇j∇kφ)(∇k∇iφ)] = 1
MPl
ρ. (13)
∇2(Ψ − Φ) = 0. (14)
ω∇2λ− 6∇2φ+ 2− 3α3
Λ33
[(∇2φ)2 − (∇i∇jφ)(∇i∇jφ)]
+
α3 − 4α4
2Λ63
[(∇2φ)3 − 3∇2φ(∇i∇jφ)(∇i∇jφ) + 2(∇i∇jφ)(∇j∇kφ)(∇k∇iφ)] = 0
(15)
3
2
∇2φ+ 3
4
(2 + 3α3)
Λ33
[(∇2φ)2 − (∇i∇jφ)(∇i∇jφ)]− 3(α3 + 4α4)
Λ63
[(∇2Ψ)(∇2φ)2 − (∇2Ψ)(∇i∇jφ)(∇i∇jφ)
−2(∇2φ)(∇i∇jφ)(∇i∇jΨ) + 2(∇i∇jΨ)(∇j∇kφ)(∇k∇iφ)]− 6∇2λ+ 2(2− 3α3)
Λ33
[(∇2λ)(∇2φ)
−(∇i∇jλ)(∇i∇jφ)] + 3(α3 − 4α4)
2Λ63
[(∇2λ)(∇2φ)2 − (∇2λ)(∇i∇jφ)(∇i∇jφ)− 2(∇2φ)(∇i∇jφ)(∇i∇jλ)
+2(∇i∇jλ)(∇j∇kφ)(∇k∇iφ)] = ρ
2MPl
.
(16)
It is straight-forward to notice that the typical Poisson’s
equation for the Bardeen potential Φ is altered by the
presence of the scalar mode shown in (13). Interestingly,
however, the Laplace’s equation (14) remains the same
as in the GR case. Already at the level of the equations
of motion, we can deduce that gravitational lensing tests
are not an appropriate means of constraining this theory,
since the quantity Φ+Ψ2Φ = 1 is indistinguishable from the
exact same GR prediction.
Integrating the above expressions by parts and using
variables
x ≡ pi
′
r
, y ≡ Ψ
′
r
, z ≡ Φ
′
r
, A ≡ M(r)
8piMPlr3
, q ≡ λ
′
r
, (17)
we obtain the following set of simultaneous equations:
z − α3 + 4α4
Λ63
x3 = A, (18)
y − z = 0, (19)
ωq − 6x+ 2(2− 3α3)
Λ33
x2 +
α3 − 4α4
Λ63
x3 = 0, (20)
3
2
x+
3(2 + 3α3)
2Λ33
x2 − 6(α3 + 4α4)
Λ63
x2y
−6q + 4(2− 3α3)
Λ33
qx+
3(α3 − 4α4)
Λ63
x2q = A.
(21)
Combining the first 3 coupled equations and plugging
into (21) gives a quintic for x, for which we give the full
expression in the Appendix. Taking the quintic term to
be the dominant one, we can approximate
− 3
Λ123
[
2(α3 + 4α4)
2 +
1
ω
(α3 − 4α4)2
]
x5 = A. (22)
It is this equation that we will use to find the form of
x, which will then provide a prediction for the shape of
rotation curves.
The velocity of objects within the galaxy undergoing
circular motion is
v2
r
=
dΨ
dr
, (23)
which in terms of our new variables reads
v2 = r2y. (24)
Most of galaxy’s mass is in its dark matter halo, and in
this work we assume it to obey the Navarro-Frenk-White
(NFW) profile [32]:
ρNFW =
ρs
r
rs
(
1 + rrs
)2 , (25)
with rs and ρs as the typical halo parameters.
Using (18), (19) and (22), and assuming a Navarro-
Frenk-White distribution, we get the following equation
5for the dark matter velocity profile
v2dm = 4piGr
2
s ρs
[
1
R
[
ln
(
1 +R
)
−
(
1 +
1
R
)−1]
−γ R 15
[
ln
(
1 +R
)
−
(
1 +
1
R
)−1] 35]
,
(26)
where R = rrs , with
γ =
(
4piGρs
)− 25m 45 α3 + 4α4
[6(α3 + 4α4)2 +
3
ω (α3 − 4α4)2]
3
5
.
(27)
It is this parameter, γ, that we can constrain by fitting
the theoretical predictions to the rotation curves data.
We use best-fit values of ω and α coefficients from [23].
Since γ is a function of m, by constraining γ we can put
an upper limit on the graviton mass.
We use the data from the SPARC galaxy catalogue [30]
to reconstruct rotation curves. The observed speed is not
only due to the dark matter, but there are gas, disk and
bulge (if applicable) contributions too:
v2(r) = v2gas(r) + Υdisk v
2
disk(r)
+Υbulge v
2
bulge(r) + v
2
dm(r), (28)
where Υ is the stellar-to-mass ratio. In other words, we
must subtract all the matter contributions from the data
to obtain vdm, and then compare against our predictions.
We use Υdisk, Υbulge, rs and ρs values from Table 4 in [33].
We are aware that a full treatment would require a Monte
Carlo Markov Chain simulation [34] to find posterior best-
fit values of all the parameters: in this case the NFW
parameters and the γ parameter from QDMG, as well as
Υdisk and Υbulge. We leave this approach for future work.
All of the galaxies in the SPARC catalogue are char-
acterised by a quantity, Q, which refers to the quality of
the galaxy’s rotation curve. We consider galaxies with
Q=1, in other words galaxies with the best quality rota-
tion curves. We also choose carefully high mass and high
luminosity galaxies because the NFW profile provides the
best fit for those type of galaxies, [34]. On a single plot
(see for instance the case of 2 representative galaxies in
Figure 1) we compare the NFW profile in the GR case
and the corresponding one in the QDMG case fit for the
data. The galaxies that we take show consistency in the
value of γ that fits the dark matter galaxy profile (26) to
data. The constraint placed on the graviton mass from
this is
m ≤ 10−31 eV. (29)
This bound satisfies all constraints hitherto imposed on
the mass of the graviton from LIGO/VIRGO and Solar
System tests [35]. Typically, massive gravity theories are
motivated with the aim of explaining the origin of Dark
Energy, and indeed values of m of the order of Hubble,
m ≈ 10−33 eV, can accomplish this [10]. Our constraint
does not disqualify such a statement, neither does it rule
out massive gravity as a proposal for explaining the late-
time accelerated expansion of the Universe. However,
one may wonder whether one can come up with an astro-
physical test that could falsify massive gravity. In other
words, could such a tiny mass be ever detected? The
most promising constraints we can hope to probe in the
upcoming decades will be through LISA when we will be
able to detect masses up to 10−25 eV [35]. At present, we
do not see a way for the constraint derived in (29) to be
tested with gravitational waves data.
However, one should keep in mind that our result comes
with subtleties and caveats. Along the way, we made nu-
merous approximations: we decided to take (scientifically
motivated) limits of QDMG that allowed us to proceed
with our analytical analysis. These approximations in-
cluded going only up to the cubic galileon in the decoup-
ling limit, as well as setting the background values of the
scalar fields pi0 and σ0 to 0. We anticipate opportunities
for future work within going beyond these approximations.
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Figure 1. Dark Matter contribution to rotation curves,
GR case and QDMG case for NGC7814 (top panel) and
NGC5005 (bottom panel).
IV. DISCUSSION
We have looked for ways to lift the mathematical suc-
cess of dRGT theory to a phenomenological level. The
lack of stable cosmological solutions in massive gravity
forced us to extend the theory by adding a quasi-dilaton
field, leading to quasi-dilaton massive gravity. Having
resorted to this theory, we found a promising direction of
6study in analysing rotation curves of galaxies. The new
scalar degrees of freedom in QDMG affect equations of
motion of the dark matter within the galaxies and they
are expected to alter the dark matter halo profile. The
extent to which the dark matter profile can change is
constrained by rotation curves data. We combine the
observations collected in the SPARC database with our
theoretical prediction. In order for QDMG to agree with
the data, the graviton mass must be m ≤ 10−31 eV. This
result does not contradict any previous bounds on the
mass of the graviton, and leaves the massive gravity as a
viable dark energy candidate theory. The next step would
be to perform a MCMC simulation and obtain a best-fit
value of graviton mass, along with the NFW parameters,
rather than take the NFW parameters from a MCMC
simulation in the GR case, and then constrain m. This
would lead to a more exhaustive bound on the mass. Ad-
ditionally, one could expand to include the background
fields and go up to the quartic galileon.
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APPENDIX
QDMG Lagrangian in the decoupling limit
We write below all terms in the Lagrangian of quasi-
dilaton massive gravity in the decoupling limit,
LDLQDMG = −
1
4
(
hµν Eˆαβµν hαβ +
5∑
n=2
cn
Λ
3(n−2)
3
L(n)Gal[pi]−
2(α3 + 4α4)
Λ63
hµνX(3)µν [Π]
)
− ω
2
(∂σ)2
+
1
2
σ
4∑
n=1
(4− n)αn − (n+ 1)αn+1
Λ
3(n−1)
3
Ln[Π] + 1
2MPl
hµνT
µν +
1
2MPl
piT − 2 + 3α3
4MPlΛ33
∂µpi∂νpiT
µν .
(30)
The galileon Lagrangians are defined below:
L(2)Gal[pi] = (∂pi)2, (31)
L(3)Gal[pi] = (∂pi)2pi, (32)
L(4)Gal[pi] = (∂pi)2
(
(pi)2 −∇µ∇νpi∇µ∇νpi
)
, (33)
L(5)Gal[pi] = (∂pi)2
(
(pi)3 − 3pi∇µ∇νpi∇µ∇νpi
+2∇µ∇νpi∇ν∇λpi∇λ∇µpi
)
.
(34)
Next, we define X
(3)
µν as
X(3)µν =
(
[Π]3 − 3[Π][Π2] + 2[Π3]
)
ηµν
−3
(
[Π]2Πµν − 2[Π]Π2µν − [Π2]Πµν + 2Π3µν
)
,
(35)
where Πµν = ∂µ∂νpi.
Finally, we explicitly write out the expressions for
Ln[Π]:
L1[Π] = 3![Π], (36)
L2[Π] = 2
(
[Π]2 − [Π2]
)
, (37)
L3[Π] = [Π]3 − 3[Π][Π2] + 2[Π3]. (38)
Equation for x
We expand and show in full detail the equation for
x = pi
′
r :
7[
3
2
− 36
ω
]
x+
3
Λ33
[
2 + 3α3
2
+
12(2− 3α3)
ω
− 2(α3 + 4α4)
Λ33
A
]
x2 +
8
Λ63
[
3(α3 − 4α4)− (2− 3α3)2
ω
]
x3
− 10
Λ93
[
(2− 3α3)(α3 − 4α4)
ω
]
x4 − 3
Λ123
[
2(α3 + 4α4)
2 +
1
ω
(α3 − 4α4)2
]
x5 = A
(39)
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